Abstract. The structure of generalized André systems is described in terms of their right nuclei. Necessary and su‰cient numerical conditions for the existence of generalized André planes with a homology group of specified index are determined, providing also a numerical characterization of the sharply transitive subsets of GLð1; p t Þ. Finally, a multiple net replacement procedure in Dickson nearfield planes is developed, yielding generalized André planes possessing an a‰ne homology group of prescribed index.
Introduction
In a translation plane of order q, the order of a homology group is ðq À 1Þ=d for some d. We call d the index of the homology group. It is well-known that finite translation planes admitting an index 1 homology group are nearfield planes, of which all but seven are also generalized André planes (the so-called Dickson nearfield planes). The structure of Dickson nearfield spreads was determined by Ellers and Karzel [1] .
In [3] , Hiramine and Johnson undertook a study of generalized André planes that admit an index 2 homology group. They were able to e¤ect a classification (but see below) and describe the corresponding spreads. They also showed that nearly all such planes could be constructed from Dickson nearfield planes via net replacement.
This article was motivated by a desire to generalize the results in the index 1 and 2 cases to arbitrary finite generalized André planes. There is an enormous variety of generalized André planes; the results presented here fall under the theme of classifying these planes with regard to groups of homologies that they support.
In this article, we consider finite generalized André planes that admit an a‰ne homology group of arbitrary index d. We obtain a general decomposition and also a determination of necessary and su‰cient numerical conditions for the existence of such a plane (Section 4). The proofs are almost entirely number-theoretic, relying primarily on the factorization of numbers of the form q n À 1 (Theorem 2.4). We remark that these results also give a characterization and structural decomposition of sharply transitive subsets of GLð1; p t Þ via their identification with spread map sets of generalized André systems.
The index 1 and 2 results mentioned above follow directly from the main results presented here. In the index 2 case, our results make it apparent that the classification in [3] overlooked an infinite class of planes (Section 5).
Finally, we present a generalization of the ''Type 2'' replacements in [3] which applies to a far greater range of indexes. This construction is a ''nub preserving'' multiple net replacement on a ðq; nÞ-Dickson nearfield plane which yields a generalized André plane admitting a homology group of index d for choices of d dividing n.
Number-theoretic preliminaries
All variables are understood to be integer-valued. For integers m and n, we write m j n to signify that m divides n. The greatest common divisor of m and n is denoted by ðm; nÞ. For a prime u, we define the u-part bnc u of n by: bnc u ¼ u e where u e j n but u eþ1 a n. We extend this notation to sets of primes U: bnc U ¼ Q u A U bnc u , and bnc U 0 ¼ n=bnc U . For a single prime u, we also write bnc u 0 ¼ n=bnc u .
Our arguments depend heavily on divisibility results concerning numbers of the form q n À 1. Among the more elementary of these results is the following. Parts (a) and (b) are well-known, and part (c) follows from (b) and Euler's theorem. For any epimorphism G ! H between finite cyclic groups, the image of each generator of G is also a generator of H. It is also true that every generator of H is the image of some generator of G, the proof of which hinges on the following fact. Lemma 2.2. Let m, n, and a be integers such that m j n and ða; mÞ ¼ 1. Then there exists an integer k such that ða þ km; nÞ ¼ 1.
Proof. Let U be the set of all prime factors of n that divide a. Let
Let w be any prime factor of n. If w A U, then w j a (so w a m) and w a k, so w a ða þ kmÞ. Otherwise w B U, in which case w a a and w j k, so that w a ða þ kmÞ. Thus, no prime factor of n divides a þ km. r Lemma 2.3. Let q > 1 and n > 0.
(a) If m j ðq À 1Þ, then ðq n À 1Þ=ðq À 1Þ 1 n mod m. In particular, if n j ðq À 1Þ then n j ðq n À 1Þ=ðq À 1Þ.
(b) Let u be a prime factor of q À 1.
Proof. In (a), suppose q 1 1 mod m. Then
as claimed. r
The following factorization theorem is of critical importance to the arguments presented in later sections. A proof appears in [5, Theorem 6.3] .
Theorem 2.4. Let q > 1 and n > 0, and let u be any prime factor of q À 1. Then:
(c) If q 1 À1 mod 4 and n is even, then
Corollary 2.5. Let q, n, and i be positive integers with q > 1 and such that every prime factor of n divides q À 1.
(a) If n j i, then n j ðq i À 1Þ=ðq À 1Þ.
(b) Conversely, suppose n j ðq i À 1Þ=ðq À 1Þ. If q 2 À1 mod 4 or i is odd, then n j i. If q 1 À1 mod 4 and i is even, then bnc 2 0 j i and bnc 2 c bic 2 bq þ 1c 2 .
Corollary 2.6. Let q > 1 and n > 0, and let u 0 2 be a prime factor of q n À 1. Then
Proof. Put q ¼ q ðn; uÀ1Þ and n ¼ n=ðn; u À 1Þ. By Lemma 2.1(c), we have u j ðq À 1Þ. Applying Lemma 2.3(b) and Theorem 2.4(b) and the fact that bnc u ¼ bnc u , we obtain
from which the result follows. r
Spread maps and generalized André systems
We assume the reader is familiar with the representation of translation planes via (right) quasifields X ðþ; Þ and spread map sets S J GLðX Þ (e.g., see [5] or [4] ). The correspondence between these representations is as follows: For each a A X Ã , define s a : X ! X by x s a ¼ x a. Then SðX Ã ðÞÞ ¼ fs a : a A X Ã g J GLðX Þ is a spread map set of X with 1 A SðX Ã ðÞÞ. Conversely, spread map sets S of X with 1 A S determine quasifields X ðþ; Þ.
Let X be a finite-dimensional vector space. Spread map sets of X coincide with sharply transitive subsets S J GLðX Þ acting on X Ã . More generally, a partial spread map set of X coincides with a subset S J GLðX Þ acting sharply on X Ã . (By acting sharply, we mean that x s 0 x t for all x A X Ã whenever s; t A S with s 0 t.) For a quasifield X ðþ; Þ, the right and middle nuclei are defined by N r ðÞ ¼ fa A X Ã : ðx yÞ a ¼ x ðy aÞ for all x; y A X Ã g and N m ðÞ ¼ fa A X Ã : ðx aÞ y ¼ x ða yÞ for all x; y A X Ã g. These nuclei correspond in the spread map set S ¼ SðX Ã ðÞÞ to the right-absorbed and left-absorbed maps S r ¼ fr A S : SrJSg ¼ fs a : a A N r ðÞg and S l ¼ fr A S : rS J Sg ¼ fs a : a A N m ðÞg. In the translation plane AðX ðþ; ÞÞ ¼ AðSÞ, these notions correspond to homology groups H ð0Þ ¼ fðx; yÞ 7 ! ðx; y aÞ : a A N r ðÞg ¼ f1 l r : r A S r g and H ðyÞ ¼ fðx; yÞ 7 ! ðx a; yÞ :
Recall that a generalized André system is a (right) quasifield F ðþ; Þ for which there exists a skewfield structure F ðþ; ÁÞ on F and a map l : F Ã ! Aut F ðþ; ÁÞ such that x a ¼ x lðaÞ Á a for all x; a A F Ã . Equivalently, a generalized André system is a quasifield F ðþ; Þ such that SðF Ã ðÞÞ J GLð1; F ðþ; ÁÞÞ for some underlying skewfield F ðþ; ÁÞ. We call l the companion automorphism map. Proof. Note that
Since l is constant on the cosets of M, this represents SðlÞ as a union of certain cosets S i of some subgroup S 0 of GL q ð1; q n Þ. Clearly each S i acts sharply on F Ã , so SðlÞ will be sharply transitive on F Ã if and only if S i U S j acts sharply on F Ã for all i; j A Z m . Take S i 0 S j , i.e., i 2 j mod m. Then:
The result now follows. r
As a corollary, F ðþ; Þ as in Definition 3.1 is a generalized André system if and only if lð1Þ ¼ 1 and (3.1) holds. Every sharply transitive subset S J GL q ð1; q n Þ and every generalized André system of order q n can be represented in the form indicated in Definition 3.1.
Let us define the nub Z of a generalized André system F ðþ;
Thus, Z is the intersection of the kernels of the homomorphisms lj N r ðÞ and lj N m ðÞ (these kernels coincide when F is finite). Note that lðZÞ ¼ 1 and ZðÞ ¼ ZðÁÞ c F Ã ðÁÞ. The nub is the largest subgroup Z of F Ã ðÁÞ such that l is constant on the cosets of Z. Suppose F ðþ; Þ in Definition 3.1 is in fact a generalized André system. Define
it is easy to show that i 1 j mod v implies i 1 j mod q n À 1. Thus, l is constant on the cosets of Z 0 ¼ o vZ c F Ã ðÁÞ, so Z 0 is a subgroup of the nub Z. This yields a lower bound ðq n À 1Þ=v for the order of Z and in particular shows that the nub is never trivial (unless q n ¼ 2). The corresponding plane AðF ðþ; ÞÞ has a collineation group fðx; yÞ 7 ! ðx a; y bÞ : a; b A Zg induced by Z as a subgroup of both the right and middle nuclei.
Right nuclear decomposition of a generalized André system
In this section, we describe the structure of a generalized André system by decomposing it in terms of a subgroup of the right nucleus (Theorem 4.1). We then determine necessary and su‰cient numerical conditions for a generalized André system to have a right nuclear subgroup of a prescribed index (Theorem 4.2 and Theorem 4.3). In a broad special case (Proposition 4.4 and Proposition 4.5), we determine suitable values for the parameters appearing in the decomposition.
When discussing a generalized André system F ðþ; Þ, care must be taken to distinguish between the operation and the multiplication Á of the underlying field. The notation a i ¼ a Á a . . . a (i factors) will be used to indicate a power in F ðþ; ÁÞ, whereas we write a i to denote a power in F Ã ðÞ with left-to-right association (i.e., a 0 ¼ 1 and a i ¼ a ðiÀ1Þ a for i > 0); the rule of association is critical since is generally not associative.
Theorem 4.1. Let F ðþ; Þ be a generalized André system of order p t ( p prime and t d 1) with underlying field F ðþ; ÁÞ ¼ GFð p t Þ and companion automorphism map l : F Ã ! Aut F ðþ; ÁÞ. Let HðÞ be any subgroup of the right nucleus, and put jHj ¼ ðp t À 1Þ=d. Let L ¼ lðHÞ, n ¼ jLj, ZðÞ ¼ kerðlj HðÞ Þ, let q be the order of the fixed field of L, and let o be a primitive element of F ðþ; ÁÞ. Then: (a) q n ¼ p t and nd j ðq n À 1Þ.
(b) ZðÞ ¼ ZðÁÞ ¼ o ndZ is cyclic of order ðq n À 1Þ=nd, and HðÞ=Z is cyclic of order n.
and
where R ¼ fr k : 0 c k < dg is any set with r 0 1 0 mod nd and such that fr k q i þ s i : 0 c k < d and 0 c i < ng constitutes a transversal of Z nd . Furthermore, there exists a set T ¼ ft k : 0 c k < dg, with t 0 1 0 mod t, such that lðo 
The rest of (d) follows directly. r
We now investigate necessary numerical constraints on the quantities involved in the structural decomposition given by Theorem 4.1. A pair of positive integers ðq; nÞ is called a Dickson pair if: (i) q is a power of a prime; (ii) every prime factor of n also divides q À 1; and (iii) if q 1 À1 mod 4, then 4 a n. (a) Let u be a prime factor of q À 1. If u 0 2, or if u ¼ 2 but q 2 À1 mod 4 or n is odd, then bdc u c bðs; q À 1Þc u .
(b) Let u be a prime factor of n. Then u j ðq À 1Þ. Furthermore: 
and thus bs n c v ¼ bs n=u c v . But then we obtain bðnd; q n=u À 1Þc v > bs n c v , contrary to (4.3). Thus, v ¼ u here, and the claim holds.
Claim 4: For each prime factor u of n, we have u j ðq À 1Þ and bsc u < bq À 1c u . This follows from Claim 3: 
It remains to prove (f ). Now l is constant on the cosets of Z, so Theorem 3.2 yields the sequence of implications (taking i d j without loss of generality):
which is equivalent to (4.1). The final statement in (f ) (which is just a restatement of Theorem 4.1(d)) follows by taking l ¼ 0 in (4.1). r
We now consider the converse of Theorem 4.1 and Theorem 4.2. The following theorem shows that the necessary conditions in Theorem 4.2 are also su‰cient for the construction of a generalized André system of the form appearing in Theorem 4.1. Theorem 4.3. Let p be prime and t d 1. Let q, n, d, and s be positive integers such that q n ¼ p t , every prime factor of n divides q À 1, and nd j ðq n À 1Þ. Suppose further that for every prime factor u of q À 1:
(i) If u a n, then bsc u d bdc u ; (ii) If u j n and either u 0 2 or q 2 À1 mod 4, then bsc u ¼ bdc u < bq À 1c u ; (iii) If n is even and q 1 À1 mod 4, then s is odd and 2bdc 2 c bq þ 1c 2 , with equality if 4 j n.
The operation l induces (via the canonical epimorphism : Z ! Z nd ) an operation onŜ S J Z nd that makesŜ SðlÞ into a cyclic group of order n. Furthermore, nd j s i , n j i , ðnd; q i À 1Þ j s i .
(b) Extend the definition of l :
(c) Let R ¼ fr k : 0 c k < dg, with r k d 0 and r 0 1 0 mod nd, be any set such thatR R is a transversal of the partition in (b) (equivalently, such that fr k l s i : 0 c k < d and 0 c i < ng constitutes a transversal of Z nd ). Suppose T ¼ ft k : 0 c k < dg, with t k d 0 and t 0 1 0 mod t, is such that for all 0 c i < n and 0 c l < k < d,
Let F ¼ GFðq n Þ with primitive element o, and define l : F Ã ! Aut F by lðo r k ls i þndZ Þ ¼ fx 7 ! x p t k q i g. Then Definition 3.1 yields a generalized André system F ðþ; Þ having a right nuclear subgroup HðÞ ¼ 6 0ci<n o s i þndZ of order ðq n À 1Þ=d. The system F ðþ; Þ thus obtained is independent of the choice of R.
Proof. First, it follows readily from Lemma 2.1(a) that s i j s j whenever i j j. Claim: If i 1 j mod n, then s i 1 s j mod nd. For this, assume that i 1 j mod n with i d j. Observe that s i À s j ¼ sq j ðq iÀj À 1Þ=ðq À 1Þ ¼ s iÀj q j and that s n j s iÀj . Thus, it su‰ces to show that nd j s n , or equivalently, that bndc u c bs n c u for every prime factor u of nd. First assume that u a ðq À 1Þ. Then since nd j ðq n À 1Þ, we have bndc u c bq n À 1c u c bsðq n À 1Þ=ðq À 1Þc u ¼ bs n c u . Assume then that u j ðq À 1Þ. Suppose first that u 0 2 or q 2 À1 mod 4 or n is odd. Then bsc u d bdc u by hypothesis, and Theorem 2.4(b) gives bs n c u ¼ bsc u bnc u , so bs n c u d bndc u . Suppose finally that u ¼ 2, q 1 À1 mod 4, and n is even. Then by the hypothesis 2bdc 2 c bq þ 1c 2 , we obtain from Theorem 2.4(c) that bs n c 2 ¼ bsc 2 bnc 2 bq þ 1c 2 =2 d bnc 2 bdc 2 . We've shown that bndc u c bs n c u in all cases, so the claim is justified.
The claim ensures that the map Z n !Ŝ S J Z nd defined by i 7 !ŝ s i is well-defined.
This map is easily seen to be a group epimorphism Z n ðþÞ !Ŝ SðlÞ. We claim that it is in fact an isomorphism, i.e., thatŜ SðlÞ has order n. To prove this, it su‰ces to show that bndc u a s n=u for every prime factor u of n. It follows from the fact thatŜ SðlÞ is cyclic of order n that nd j s i , n j i. We now show that ðnd; q i À 1Þ j s i , n j i. First, if n j i, then nd j s i , so ðnd; q i À 1Þ j s i . Suppose then that n a i, and let u be a prime such that bnc u > bic u . It su‰ces to show that bs i c u < bndc u and bs i c u < bq i À 1c u . The hypotheses ensure that u j ðq À 1Þ, bsc u c bdc u , and bsc u < bq À 1c u . The latter yields
To get bs i c u < bndc u , if u 0 2 or q 2 À1 mod 4 or i is odd, Theorem 2.4(b) yields bs i c u ¼ bsc u bic u < bdc u bnc u . Otherwise, we have u ¼ 2, q 1 À1 mod 4, and i even, so s is odd, 4 j n, and 2bdc 2 ¼ bq þ 1c 2 . By Theorem 2.4(c), bs i c 2 ¼ bsc 2 bic 2 Á bq þ 1c 2 =2 < bnc 2 bdc 2 . In any case, we obtain bs i c u c bndc u . This completes the proof of (a). Now, it is readily seen that ðâ a lŝ s i Þ lŝ s j ¼â a l ðŝ s i lŝ s j Þ for allâ a A Z nd and s s i ;ŝ s j AŜ S. It follows immediately that ifâ a Ab b lŜ S thenâ a lŜ S ¼b b lŜ S. This shows that fâ a lŜ S : a A Zg constitutes a partition of Z nd , which proves (b).
To prove (c), first note that (b) ensures that l is well-defined. We use Theorem 3.2 to show that F ðþ; Þ is a generalized André system. By (b), every integer can be expressed in the form r k l s i þ ndj for some 0 c k < d, 0 c i < n, and j A Z. Condition (3.1) becomes: for all 0 c k; l < d and 0 c i; j < n,
Since we may arrange it so that i d j, this is equivalent to: for all 0 c k; l < d and 0 c i < n,
When l < k, this is merely the hypothesis (4.5) placed on T, so it remains only to prove that (4.6) holds for l d k.
First suppose l ¼ k. Then (4.6) becomes ðnd; q i À 1Þ a ðr k ðq i À 1Þ þ s i Þ if i 0 0, that is, ðnd; q i À 1Þ a s i if i 0 0, which by (a) is indeed the case. Suppose then that l > k. Multiplying by q nÀi , we obtain the following sequence of statements equivalent to (4.6):
The latter is essentially (4.5) with k and l reversed, so it holds by hypothesis. Proof. Our proof is phrased so that it holds whether one starts with the hypotheses of Theorem 4.2 or of Theorem 4.3. It must be shown that the indicated choices for r k make fr k q i þ s i : 0 c k < d and 0 c i < ng a transversal of Z nd . We do so by assuming that (4.7) holds and show that it follows that k ¼ l and i ¼ 0. Note that bdc 2 0 j s in all cases since d j ðq À 1Þ. In fact, we have d j s except in the case when q 1 À1 mod 4 and n and d are even.
In (a), we have d j s. So (4.7) implies that d j ðr k À r l Þ ¼ ðk À lÞ. Thus, k ¼ l, and it then follows from (4.7) that ðnd; q i À 1Þ j s i , which requires i ¼ 0. In (b), s i is odd if i is odd, and for i even we have
In particular, (4.7) forces i to be even, so d j s i , and thus d j 2ðk À lÞ. But (4.7) then yields 2bdc 2 j ð2ðk À lÞ þ 2kðq i À 1Þ þ s i Þ. So bdc 2 j ðk À l Þ. Therefore, d j ðk À l Þ, and it follows as in the proof of (a) that i ¼ 0.
In (c), (4.7) reduces to nd j ðnðk À lÞ þ s i Þ. This implies that n j s i , and therefore n j ðq i À 1Þ=ðq À 1Þ (since ðn; sÞ ¼ 1), yielding bnc 2 0 j i (by Corollary 2.5(b)). Now, if d j s, this yields nd j s i and d j ðk À l Þ, so i ¼ 0 and k ¼ l. If d a s, then q 1 À1 mod 4 and n 1 2 mod 4 (since ðq; nÞ is a Dickson pair). But i must be even since n j s i . Thus, n j i, yielding i ¼ 0 and d j ðk À l Þ.
In (d), we have q 1 À1 mod 4, 4 j n, and 2bdc 2 ¼ bq þ 1c 2 . Here (4.7) becomes nd j ð2n 0 ðk À l Þ þ 2n 0 kðq i À 1Þ þ s i Þ, where n 0 ¼ bnc 2 0 . This implies that i is even and bdc 2 0 j ðk À l Þ (since ðn; sÞ ¼ 1). Now bs i c 2 ¼ bic 2 bdc 2 and b2n 0 kðq i À 1Þc 2 ¼ 2bkic 2 bq þ 1c 2 ¼ 4bkic 2 bdc 2 . So (4.7) gives 2bdc 2 j 2n 0 ðk À l Þ, and thus bdc 2 j ðk À l Þ. Hence, d j ðk À lÞ, so k ¼ l; (4.7) then yields ðnd; q i À 1Þ j s i , so i ¼ 0. r As for the t k 's when d j ðq À 1Þ, Proposition 4.5 indicates choices that su‰ce to construct generalized André systems. (We do not claim that these choices are necessary.) Then ðq; nÞ is a Dickson pair, Z ¼ fo nj : j A Zg, and there exists s such that ðs; nÞ ¼ 1 and
Furthermore, the nearfield multiplication is described by
ð5:1Þ
for all x A F , 0 c i < n, and 0 c j < ðq n À 1Þ=n. Furthermore, o can be chosen so that s ¼ 1.
Conversely, for any Dickson pair ðq; nÞ with q n ¼ p t and any s such that ðs; nÞ ¼ 1, the operation on F defined by Let o be a primitive element of F ðþ; ÁÞ. Then
Define a multiplication :
for all x A F , 0 c i < n, and 0 c j < ðq n À 1Þ=2n. Then F ðþ; Þ is a generalized André system of order p t having a right nuclear subgroup of order ðp t À 1Þ=2.
Conversely, every generalized André system of order p t having a right nuclear subgroup HðÞ of order ðp t À 1Þ=2 can ( for some choice of o) be represented in the above form, where n is the order of the companion automorphism group of HðÞ.
Proof. Most of this follows directly from the results in Section 4. In particular, the choices for s and r 1 are in accord with (4.8) and Proposition 4.4. The statements of greatest interest concern the choices for t 1 ; we justify that the indicated choices, and only these choices, satisfy (4.5). For convenience, let a i ¼ ð2n; p t 1 q i À 1Þ and b i ¼ r 1 q i þ sðq i À 1Þ=ðq À 1Þ. Condition (4.5) then reads: a i a b i for all 0 c i < n. In (a), (4.5) is satisfied for all choices of t 1 d 0 since a i is even and b i is odd for all 0 c i < n.
Consider (b) and (c) together. Note that (4.5) automatically holds when i is odd since then b i is also odd. Suppose first that t 1 is even. Then 4 j a i but b i 1 2 mod 4 when i is even, so (4.5) holds for all i. Now suppose that t 1 is odd, and consider i ¼ n=2. We have ba n=2 c 2 ¼ 2, so ba n=2 c 2 j b n=2 . Also, bnc 2 0 j ðq n=2 À 1Þ=ðq À 1Þ, so bnc 2 0 j b n=2 . But ba n=2 c 2 0 j n, so a n=2 j b n=2 . Thus, (4.5) cannot be satisfied for i ¼ n=2 when t 1 is odd. 
where
F ðþ; ÁÞÞ. These S k 's partition the spread map set of the nearfield plane AðF ðþ; ÞÞ along the cosets of HðÞ in F Ã ðÞ. Our aim is to find replacements for the partial spreads determined by the S k 's so as to obtain a generalized André plane admitting a homology group (induced by HðÞ) of order ðq n À 1Þ=d. (Note: two partial spreads are replacements for each other if their components cover exactly the same points.)
To this end, let r : x 7 ! x p e be any automorphism of F ðþ; ÁÞ, let 0 c k < d, and definẽ Since S k J GLð1; F ðþ; ÁÞÞ, it is clear thatS S k J GLð1; F ðþ; ÁÞÞ as well.
Claim 6.1.S S k is a partial spread map set of F (considered as a vector space over GFð pÞ) such thatS S k s ¼S S k for all s A SðHÞ and sS S k ¼S S k for all s A SðZÞ.
Proof. First, r A GLðF ; pÞ and S k J GLðF ; pÞ, soS S k J GLðF ; pÞ. Since S k acts sharply on F Ã , so does rS k . Thus,S S k is a partial spread map set of F. For sðhÞ A SðHÞ, we haveS S k sðhÞ ¼ rSðH k ÞsðhÞ ¼ rSðH k hÞ ¼ rSðH k Þ ¼ rS k ¼S S k . Finally, let sðzÞ A SðZÞ. Then z r A Z since Z is a characteristic subgroup of F Ã ðÁÞ. SupposeS S k is a replacement for S k , so that (6.1) holds. Now d j n, so d divides the left-hand side of (6.1). Furthermore, every prime factor of d divides q À 1, so d j ðq dj À 1Þ=ðq À 1Þ by Corollary 2.5(a), and therefore d j aðp e À 1Þ. As this must hold in particular when a ¼ 1, we obtain d j ðp e À 1Þ. Conversely, suppose d j ðp e À 1Þ. In (6.1), let a ¼ ap e ðq À 1Þ þ 1 and b ¼ Àaðp e À 1Þ. Now every prime factor of n divides q À 1, so ða; nÞ ¼ 1. Thus, the congruence ax 1 b mod n has a unique solution for x modulo n. But fðq i À 1Þ=ðq À 1Þ : 1 c i c ng is a complete set of remainders modulo n, so there is a unique solution to ax1b mod n of the form ðq f À 1Þ=ðq À 1Þ with 1 c f c n. To show that (6.1) holds, it su‰ces to show that d j f (for then we can take j ¼ f =d). To this end, first note that d j b by hypothesis. Further, ðd; aÞ ¼ 1 since every prime factor of d divides q À 1, so d j ðq f À 1Þ=ðq À 1Þ. By Corollary 2.5(b), we get d j f except possibly in the case where q 1 À1 mod 4 and f is even. In the latter case, we have bdc 2 0 j f ; furthermore, bdc 2 c 2 in this situation since ðq; nÞ is a Dickson pair, so bdc 2 j f . In all cases, we obtain d j f , as required. r 
